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Abstract 

A theoretical model of hydrophobic ion diffusion across vesicular membranes is presented, which is based 
upon activated rate theory. The model is applicable to the sudden addition of hydrophobic ions to a vesicle 
suspension, for example in a stopped-flow experiment. The time course of diffusion is calculated by numerical 
integration of differential rate equations for the ion concentrations and electrical potential differences across 
the membrane. The model utilizes the three-capacitor model of the membrane and an extended Debye-Hiickel 
theory, taking into account non-neutrality on each side of the membrane. At low ionic strengths good 
agreement is found between the infinite time diffusion potential and the equilibrium Nernst potential. At large 
excess of inert electrolyte discrepancies are found, but under such conditions the membrane potential is 
negligible due to screening. 
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1. Introduction 

The kinetics of diffusion of hydrophobic ions 
across lipid membranes has previously been stud- 
ied by a number of authors [l-lo] as a model 
system for the carrier mechanism of ion trans- 
port. It has been found [2,4-101 that the kinetics 
can often be treated by using the activated rate 
theory of ion diffusion of Eyring [ll-131. LIuger 
has also applied the theory to facilitated diffusion 
through ion channels and to active transport by 
ion pumps [14,15]. The basis of the theory is that 
diffusion is assumed to proceed as a series of 
jumps across potential energy barriers within the 
membrane. The height of the potential energy 

barriers can further be modified by the presence 
of intramembrane electrical potential gradients. 
Equations describing steady-state diffusion across 
lipid membranes have been developed by equat- 
ing the fluxes across each energy barrier [l l- 
14,161. 

Since hydrophobic ions generally bind readily 
to lipid membranes, their diffusion across the 
membrane is normally quite rapid and hence 
specialized fast reaction techniques are often 
necessary to study the kinetics. The most widely 
used techniques have been those of relaxation 
kinetics, including the voltage-jump, charge pulse 
and temperature-jump methods [2,6,8,9,17,18]. 
These studies have all used electical detection. In 
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a smaller number of cases the diffusion of some 
hydrophobic dye ions across lipid vesicle mem- 
branes has been studied by rapid flow methods 
using optical detection [lY-241. In the case of the 
relaxation techniques the system is initially at 
equilibrium and it is then perturbed by a sudden 
change of an environmental parameter. For suffi- 
ciently small perturbations the kinetic equations 
can be mathematically simplified, so that in many 
cases rate constants for the diffusion process can 
be analytically determined. Under steady-state 
diffusion conditions, such as in isotope flux exper- 
iments, the theory of irreversible thermodynamics 
[25,261 has often been applied. This involves the 
introduction of phenomenological coefficients re- 
lating the flux to the electrochemical potential 
difference across the membrane. In the case of 
flow methods, immediately after mixing the sys- 
tern is far from equilibrium. Diffusion of ions 
across the membrane then proceeds until the 
electrochemical potentials of ions on each side of 
the membrane are equal. Due to the movement 
of the ions, during the diffusion process there are 
also changes in the electrical potential gradients 
within the membrane, which result in changes of 
the rate constants describing the individual steps 
of diffusion. Under such conditions neither the 
simplifications of relaxation kinetics theory nor 
irreversible thermodynamics are applicable. 
Therefore, it would appear that a complete de- 
scription of the time course of diffusion for a 
stopped-flow experiment involving the initial mix- 
ing of the diffusing species with a membrane 
suspension necessitates numerical simulation. 

In a previous publication [24] differential rate 
equations were presented for the diffusion of a 
hydrophobic dye ion across lipid vesicle mem- 
branes. The electrical potential dependence of 
the rate of diffusion was explained according to 
activated rate theory by the effect of the in- 
tramembrane potential on the activation energy 
barrier for diffusion within the membrane. In the 
present paper the theory is extended to take into 
account the effect of boundary potentials on the 
binding reactions of ions to the membrane, and 
an equation based upon the Debye-Hiickel the- 
ory is developed which allows the calculation of 
the total membrane potential at any point in 

time. The equation also permits the calculation of 
the equilibrium diffusion potential as a function 
of ionic strength. This allows a more exact analy- 
sis of the question of whether or not the mem- 
brane potential produced due to ion diffusion 
under given ionic strength conditions can be ex- 
pected to affect the diffusion rate. 

2. Theory 

Based on the results of electrical relaxation 
studies [2,6,17,18] and rapid flow studies [19-241, 
in which distinct kinetic phases have been ob- 
served, the diffusion of a hydrophobic ion across 
a lipid vesicle membrane is assumed to occur in 
the following series of steps: 
(a) diffusion of the ion through the aqueous solu- 

tion and binding to the external lipid mono- 
layer of the vesicle 

(b) translocation of the ion across the membrane 
to the internal lipid monolayer 

(cl dissociation of the ion from the internal lipid 
monolayer and diffusion into the intravesicu- 
lar space 

The mechanism is shown schematically in Fig. 1. 
The vesicles are assumed to have a finite number 
of sites on both sides of the membrane available 
for the binding of ions. It should be noted that 
the term binding site here does not imply a 
specific interaction as in the case of a substrate 
binding to the active site of an enzyme. Instead it 

EXTERNAL MEMBRANE INTRAVESICULAR 

SPACE 

X 

Fig. 1. Mechanism of diffusion of a hydrophobic ion, X, across 
a vesicle membrane. 
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is merely used as a convenient mathematical idea 
in order to set a limit to the number of ions which 
can bind to a single vesicle. This is based on the 
fact that saturation of lipid membranes by hy- 
drophobic ions has been frequentiy observed 
[2,20,24,27-391. As well as a limited number of 
binding sites, electrostatic effects [27,38,40,411 
may also be a possible cause of saturation. These 
will be taken into account later. 

Before proceeding let us make the following 
definitions: 
n, = number of binding sites in the external 
monolayer per vesicle 
ni = number of binding sites in the internal 
monolayer per vesicle 
N, = cz/c,* = number of ions in the extravesicu- 
lar solution per vesicle 
N, = c!JiL = number of ions in the intravesicular 
solution per vesicle 
r0 = number of external binding sites occupied 
per vesicle 
ri = number of internal binding sites occupied per 
vesicle 
The quantities C: and CL refer to the molar 
concentrations of ion in the external and internal 
solution, respectively, V; being the volume of the 
intravesicular space of a single vesicle. The total 
vesicle concentration is denoted by c,* and L is 
Avogadro’s constant. 

The rates of change of the numbers of ions in 
each of the four possible aqueous or lipid envi- 
ronments are described by the following series of 
coupled differential equations. 

- = -n,k’:N,& + (k:iV,,c; + k!)r, 
dt (1) 

d ril 
- =n,k:N,c,* - (k:N& +k”)r, 
dt 

dNi 
-_= 
dt 

C4) 

The rate constants k:, k:, kII, ki, k” and k’ 

are as defined in Fig. 1, where the binding and 
dissociation rate constants refer to the interaction 
with a binding site rather than a vesicle as a 
whole. The derivation of eqs. (l)-(4) has been 
described previously [24]. The only difference be- 
tween these equations and the ones previously 
presented, eqs. (2%(28) in ref. [241, is that here 
the possible effect of saturation on the transloca- 
tion rate has been included. This has been done 
according to Ketterer et al. [2] by multiplying the 
terms describing the translocation steps by the 
probability that a free site is available in the 
opposite monolayer. Thus, the probability that a 
given binding site in the internal layer is free is 
given by 1 -r/n;, and the probability that a 
given binding site in the external layer is free is 
given by 1 - r,/n,. At large excesses of binding 
sites over ions these probabilities approach unity 
and eqs. (l)-(4) then reduce to equations of 
identical form to those presented in ref. [241. 
Integration of eqs. (l)-(4) allows the calculation 
of the numbers of the various species at any point 
in time. The calculation can be simplified, how- 
ever, i.e., one differential equation can be omit- 
ted, by utilizing the mass conservation law, 

where c,* is the total ion concentration. 
Before the time course of diffusion can be 

calculated, however, electrostatic effects must be 
taken into account. As stated in the introduction, 
because of the charge of the ions electrical poten- 
tial gradients will be created across the mem- 
brane by the diffusion process. As diffusion pro- 
ceeds and the concentrations of ions in each of 
the four environments changes, the electrical po- 
tential gradients are also altered. The conse- 
quence of this is. that some of the rate constants 
in eqs. (l)-(4) may become time-dependent, be- 
cause their magnitudes are likely to depend on 
the instantaneous value of the electrical potential 
difference between the two ion environments that 
the reaction separates. 
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First let us consider the binding and dissocia- 
tion steps (steps (a) and (c)). The binding of an 
ion to or its dissociation from the vesicle mem- 
brane can be further divided into the following 
two steps: 

x+v+ xv,, - 
1 

$-xv 
2 

where X and V represent the ion and the vesicle, 
respectively. The first step involves the diffusion 
of the ion to the vesicle surface and the forma- 
tion of an encounter complex, XV,,. The second 
step involves the incorporation of the ion into the 
vesicle membrane, resulting in a bound ion, XV. 
The rate constants here refer to binding to or 
dissociation from a vesicle as a whole, and V 
refers to a vesicle with initially all binding sites 
free. Because XV,, is an intermediate state which 
will rapidly be converted into XV, in this case we 
can apply the steady-state approximation [42-441 
to the concentration of XV,,, i.e., d[XV,,]/dt 
= 0, which leads to the following equation for the 
overall rate of the binding reaction: 

d[XVl 
- = k kl:k [X][V] - $I:; [xv] 

dt -1 2 1 2 

(7) 

Experimentally it has been found in many cases 
{23,42,45-501 that the association of small hy- 
drophobic ions or molecules to lipid membranes 
is a diffusion-controlled reaction. In terms of the 
two step binding reaction (6) this means that 
k, z+ k _ 1, Thus, in the case of diffusion-con- 
trolled formation of XV eq. (7) reduces to, 

4XVl 
~ = k,[X][V] - > [XV] 

dt 2 

where K, = k,/k_, is an equilibrium constant 
describing the incorporation step. If the equation 
is now compared to the corresponding reaction 
scheme written in terms of binding sites (scheme 
(4) in ref. [24]), it can be seen that the rate 
constants are related by, 

k, = nk, 

k_,/K,=k_ 

(9) 

(10) 

where n, k, and k_ refer to the values for 
either the external or internal monolayer, de- 
pending on which is being considered. At this 
stage we can introduce the electrical potential 
dependence of the binding reaction. This is done 
by considering the variation of the equilibrium 
constant, K,, with the electrical boundary poten- 
tial at the surface of the vesicle. Thus, making use 
of the Boltzmann relation [41,51-541 one can 
show that 

(‘1) 

where Ki is the value of K, in the absence of a 
boundary potential, z is the valence of the ion, F 
is Faraday’s constant, R is the ideal gas constant, 
T is the absolute temperature and Vi, is the 
potential difference between the position in the 
membrane where the ion binds and the mem- 
brane-solution interface. Substituting eq. (11) into 
cq. (10) for K, yields that the dissociation rate 
constant, k_, in the general case of any value of 
Us is given by 

(12) 

where k! refers to the value of k_ in the ab- 
sence of a boundary potential. The consequence 
of diffusion control is, thus, that the total electri- 
cal potential dependence of the binding process 
can be explained by the variation of the dissocia- 
tion rate constant alone. The binding rate con- 
stant, k,, as shown in eq. (9, is independent of 
the magnitude of the boundary potential. Be- 
cause there are two membrane-solution inter- 
faces whose boundary potentials will not neces- 
sarily be equal, there are rate constants describ- 
ing dissociation from each of the interfaces. which 
are given by: 

k\=k!_ exp - 
( 

where U’ and U’ are the extravesicular and 
intravesicular boundary potentials, respectively. 

(13) 

(‘4) 
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The boundary potentials are taken to include the 
diffuse double layer region adjacent to the mem- 
brane [41]. They are defined in the same direc- 
tion across the vesicle membrane, i.e., inside mi- 
nus outside, which accounts for the difference in 
sign of the two exponential terms 124,411. 

Now let us consider the electrical potential 
dependence of the translocation step (step b)). If 
one assumes a symmetrical energy barrier to 
translocation in the absence of an electrical po- 
tential difference, then according to activated rate 
theory the effect of a potential difference on the 
rate constants in each direction can be described 
[24] by the following two equations. 

(15) 

(16) 

where U, is the potential difference in the mem- 
brane interior between the ions bound to the 
inner and outer lipid monolayers (inside minus 
outside), and k, is the translocation rate constant 
at zero voltage. 

The electrical potential dependence of all the 
rate constants appearing in eqs. (l)-(4) have now 
been defined. However, as diffusion across the 
membrane proceeds the values of the electrical 
potential differences will be continually changing. 
Therefore, we still require a method to calculate 
the values of Ii”, U’ and pi at any point in time. 
In order to do this we apply the three-capacitor 
model of the lipid membrane [24,41,55-571. The 
basis of this model is that the hydrophobic ions 
are assumed to bind to adsorption planes located 
symmetrically with respect to the centre of the 
membrane (see Fig. 1). Thus, the membrane can 
be considered to be analogous to a system of 
three capacitors in series, where C, is the electri- 
cal capacitance of the two regions between the 
adsorption planes and the adjacent aqueous solu- 
tion and Ci that between the two adsorption 
planes in the membrane interior. The capacitance 
C, is taken to include the capacitance of the 
electrical double layer of the adjacent aqueous 
solution. If one assumes a homogeneous electric 
field in each of the membrane regions it can be 

shown that the electrical potential differences 
II”, U’ and Ui are related to the charge densities 
of ions in the external and internal adsorption 
planes, q/1 and q:, according to Gauss’ law for 
the electric field discontinuity between two di- 
electric media 158,591 by 

q; = ciu, - C,U’ (17) 

q; = C,U” - c&Ii (18) 

The assumption of homogeneous electric fields 
which has been made in the derivation of eqs. 
(17) and (18) is equivalent to ignoring the mem- 
brane curvature of the vesicle. The limits of the 
validity of this approximation will be discussed 
later. For three parallel-plate capacitors in series 
the total membrane capacitance, C,, is related to 
Ce and Ci by 

1 2 1 

c,=c,+c, (19) 

and the total membrane potential, Q,,, is simply 
given by the sum of the potential differences of 
the individual regions, i.e., 

u,=u’+u”-tui (20) 

As has been shown previously [41], combination 
of eqs. (17)-(20) allows one to derive the follow- 
ing three equations relating the electrical poten- 
tial differences U”, U’ and Ui to the concentra- 
tions of ions bound to the external and internal 
monolayers: 

(21) 

m2eo r. ri 
(J’=(yum__ --- ( 1 ‘rn AO Ai 

-F; (22) 

acx(l-2c4!)e0 ro Ii 
U,=(l-2a)U,- C 

In i I 
--A. 
4 1 

(23) 

where Q = C,/C,, A,, and Ai are the external 
and internal surface areas of a vesicle, respec- 
tively, and e, is the elementary charge. The quan- 
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tity (Y may have values varying between zero and 
0.5. Its significance has been discussed in more 
detail elsewhere [41]. It is an approximate mea- 
sure of the distance of the adsorption planes 
from the adjacent membrane-solution interface. 
Differentiating eqs. (21)-(23) with respect to time 
one obtains: 

dU” dU,,, zLy2e,, 1 dr, 
-=a--- --- 

dt dc C, Ai dt 

me0 1 dr, 
-. __~ 

-t Gl A, df 
(24) 

dU’ dU,,, zazen 

i 

1 dr, 1 dri 
-=Ly- -- --_-- 
dt dt C, A, dt Ai dt 

tae, 1 dri 

C, Ai dt 

d”i d% 
dt - (1-2a)dt - 

za( 1 - 2a)e, 

C, 

1 dr, 1 dri 

A,dr-A,dt 

(25) 

Now that rate equations have been found for 
U”, U’ and U,, it just remains to find an equation 
for the rate of change of the total membrane 
potential, V,,,, which appears in the first terms on 
the right hand side of eqs. (24)-(26). In a previ- 
ous publication [24] the total membrane potential 
was estimated from the total ion current across 
the membrane and the total membrane capaci- 
tance according to the foIlowing equation, 

zANie, 
u, = ___ 

GA 
(27) 

where A is the surface area at the centre of the 
membrane. However, eq. (27) assumes that the 
electrical potentials of ions in the extravesicular 
and intravesicular solution always change by equal 
and opposite amounts, which for hydrophobic 
ions is not true because of the high concentra- 
tions of ions which bind to the membrane. There- 
fore, eq. (27) is strictly only valid for hydrophilic 
ions which have negligible membrane-bound con- 
centrations. At equilibrium the membrane poten- 

tial can be calculated according to the Nernst 
equation, which can be written in the form: 

At any other point in time, however, a different 
expression is required. 

Let us consider the electrochemical potentials, 
F, of ions in the external and internal solution. 
For the external solution, 

pn = p0 + RT In co, + $:_i 

For the internal solution, 

(29) 

p’ = pa + RT In CL + &-I (30) 
where I_L” is the standard chemical potential on 
the molar scale and ~i_I represents the chemical 
potential due to electrostatic ion-ion interactions 
in the solution. Assuming that the electrical po- 
tential in solution is completely due to ionic in- 
teractions, $_ I and ui_t are given by 

$_ I = ZF ‘P ” (31) 

,LL;_~ = zFly’ (32) 

where ?P” and V’ are the electrical potentials in 
the external and internal solutions, respectively. 
Subtracting eq. (31) from eq. (32) and rearrang- 
ing, yields that the total membrane potential is 
given by 

u, = 
p’i-i - pq-1 Ap 

=- 
IF ZF 

(33) 

This equation is valid at any point in time. Thus, 
differentiating with respect to time yields 

dun, 1 dAII. 

dt = z dt (34) 

The problem is now how to calculate the 
chemical potential of an ion due to ion-ion inter- 
actions. However, this problem has been treated 
for electrolyte solutions by Debye and Htickel 
[60-621. The difference here is that we have two 
electrolyte solutions separated by a membrane 
and, becuase of ion diffusion, electrical neutrality 
does not hold in either of the solutions. Under 
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these circumstances the linearized Poisson- 
Boltzmann equation obtains the form: 

At r = a, i.e., at the surface of the ion, the 
potential becomes 

(4’) 

(35) 

Where y: is the electrical potential at a distance, 
r, from the reference ion, Ed is the permittivity of 
a vacuum, E is the dielectric constant of the 
aqueous medium, k is Boltzmann’s constant and 
vi is the number of an ionic species per unit 
volume in the bulk solution. In the classical De- 
bye-Hiickel theory the first term on the right 
hand side of eq. (35) equals zero because of 
electroneutrality. Solving this differential equa- 
tion yields that Yr is given by 

where 

(36) 

The hydrophobic ion is here assumed to be spher- 
ical with a radius, a. The constants of integration 
which appear in the solution of eq. (35) have 
been evaluated by considering boundary condi- 
tions and the special case of electroneutrality as 
in the case of the classical Debye-Hiickel theory. 
The quantity K is the reciprocal Debye length. 
The electrical potential, ~iu;, due to an ion itself is 
simply given by 

1 
~i=-.“o 

47~5,~ r 

Therefore, subtracting eq. (39) from eq. (36) yields 
that the potential, Y&,ud, due to the ionic cloud 
surrounding a reference ion is 

=0 

i 

e Ka e --K, 

ry _~. .- 
“oud 4mocr 1tKa r 

(40) 

According to the Born theory the potentia1 en- 
ergy of a reference ion due to electrostatic inter- 
actions with its ion cloud can be calculated from 
the work done, W, in charging the ion from a 
hypothetical uncharged state to its final charge of 
ze,. Thus, 

W = [‘“Y;;, dq 
0 

(42) 

Substituting eq. (41) into eq. (42) for Y$o;ad, carry- 
ing out the integration, and then multiplying by 
Avogadro’s constant, L, shows that the chemical 
potential of an ion at its surface due to electro- 
static interactions with all other ions in the solu- 
tion is given by 

L zei 
Pi-I=~~CYiZi- 

L z2e;K 

0 87i-&o& 1+ Ki2 
(43) 

The summation in the first term of eq. (43) is 
equal to zero for a’1 other ions in the solution 
apart from the diffusing ion and its counterion. 
Thus, for the external solution the excess charge 
comes from the excess of counterions over hy- 
drophobic ions left behind, whereas for the inter- 
nal solution it comes from the hydrophobic ions 
which traverse the membrane. Accordingly, it can 
be shown from eq. (43) that the chemical poten- 
tials of the hydrophobic ions in the external and 
internal solutions due to ion-ion interactions are 
given by, 

F2z2 I, 
/A-I= - EoEK;wO+ri +w 

L 2 2 
2 eOK0 

--- 

87~+e 1 + K@ 
(44) 

F2z2 N; L 2 2 

PIi-1 = 
2 eOKi 

----- 
&o&K~ ~i/;L 8TTEO& 1 + KiU (43 

where JC~ and Ki represent the reciprocal Debye 
lengths in the external and internal solutions, 
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respectively. Now subtracting eq. (44) from eq. 
(45) yields, 

Ko -- ~- 
1 + KoU I (46) 

Differentiating eq. (46) with respect to time yields, 

2~: dtcc 
-T-(Yo+Ti+Ni) 

Kg dt 

Lz2e2 0 I 1 dKi 
-- 

8a&$ (1 + K,lZ)* dt 

1 d% 

- (1 +K,a)2 dt 1 
Equations for the rate of change of the reciprocal 
Debye lengths can be derived from the definition 
given in eq. (37). This is best achieved, as in the 
case of Ap, if the ionic strength due to inert 
electrolyte is treated separately from that of the 
hydrophobic ions and its counterions. Thus, one 
obtains 

Ko=e, 

1 1 

l/2 

-C~(rg+r;+N;) Z2+2Z (48) 

Ki=eO{z( $z2+:,i’2 (49) 

where m is the number of counterions per hy- 
drophobic ion, i.e., for a 1: 1 electrolyte m = 1, 
and I = ~Ccirz represents the ionic strength due 
to inert electrolyte alone, excluding the hy- 
drophobic ions and their counterions. Differenti- 

ating eq. (48) and eq. (49) with respect to time 
gives 

d K” 
r/2 

-= -~ 
dt 

dro dri dNi 

dr+dt+dt ) 

li l+m x c;- 
m 

i 1 
-l/2 

-c,*(rO+ritNi) zz+21 (50) 

We now have in eqs. (2)-(41, (24)-(26), (34), (471, 
(50) and (51) a complete set of coupled differen- 
tial equations, which by integration will allow the 
calculation of ro, ri, Ni, U”, U’, Ui, U,, Ak, ~0 
and ~~ at any point in time. The changing values 
of the rate constants can be simultaneously calcu- 
lated using eqs. (13)-(16) and No can be deter- 
mined from the mass conservation law, eq. (5). 

3. Computer simulations 

Using the equations derived in the previous 
section the time course of ion binding to the 
vesicle membrane and translocation across the 
membrane can be simulated. This has been car- 
ried out using a Digital VAX computer. The 
coupled differential rate equations were inte- 
grated using backward differentation formulae 
[63] within a subroutine of the Numerical Algo- 
rithms Group (NAG) Fortran Library. The initial 
values of ro, ri and Ni before any ions have 
bound were set to zero. The initial vaIues of K~, 

ui, Ap, U,, Ui, U” and U’ have been calculated 
according to eqs. (481, (49), (46), (331, (23), (21) 
and (22), respectively. Stopped-flow kinetic tran- 
sients of a hundred seconds can thus be simu- 
lated within a few seconds of computer time. 
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In a previous publication [24] the variation 
with time of the concentration of ions in each of 
the four environments as well as of the intramem- 
brane potential, Ui, has been presented. There- 
fore, here we shall restrict ourselves to a discus- 
sion of the effect of the total membrane poten- 
tial, U,,,, and the boundary potentials, U” and U’, 
on the diffusions process. 

In Table 1 infinite time values of the potentials 
U,, 4, U” and U' are listed as a function of the 
ionic strength of inert electrolyte. The values 
have been obtained by simulation until no further 
changes occurred; in this case after 100 seconds. 
The concentrations of hydrophobic ions and vesi- 
cles as well as all other values of parameters 
necessary for the calculation have been chosen 
based upon previously published experimental 
data [23,24]. Also listed in Table 1 are values of 
the equilibrium Nemst potential, U,“, which have 
been calculated from the infinite time values of 
c”, and Ni according to eq. (28). At low ionic 
strengths it can be seen that there is good agree- 
ment between U," and Uz. However, as the ionic 
strength increases a discrepancy between the two 
values arises, and at ionic strengths greater than 
or equal to 15 mM the magnitude of the theoret- 
ical Nernst potential is significantly greater than 
that of U,. Such a breakdown of the theory at 
increasing ionic strength is also observed for the 
Debye-Hiickel theory of electrolyte solutions. In 
this case attempts have been made to extend the 
range of application of the theory by using the 
full non-linearized Poisson-Boltzmann equation 
[62]. If one looks again at Table 1, however, it is 

139 

also apparent that the values of Il,m and U," 
decrease dramatically at increasing ionic strength. 
At an ionic strength of 0.035 mM the values of 
U, and U, are already almost negligible in com- 
parison to the values of Ur, U_J' and U,'. There- 
fore, it would appear that as long as the ionic 
strength is approximately two orders of magni- 
tude greater than the total concentration of the 
diffusing ion the membrane potential produced 
by diffusion is so small that it has no effect on the 
diffusion rate and can thus be neglected. The 
time variation of the total membrane potential at 
three different values of the ionic strength is 
shown in Fig. 2. In each case the kinetic be- 
haviour predicted is very similar, but the final 
value of the membrane potential is markedly 
decreased at increasing ionic strength. The two 
kinetic phases are due to the initial rapid binding 
of hydrophobic ions to the membrane surface, 
followed by the slower diffusion across the mem- 
brane to the inner lipid monolayer. 

The reason for the dramatic reduction in the 
membrane potential at increasing ionic strength 
can be attributed to the screening of the electro- 
static potentials of the diffusing ion on each side 
of the membrane by the inert electrolyte. In 
contrast, the values of Uirn, UL' and U,l are rela- 
tively insensitive to the ionic strength, because 
the inert electrolyte is assumed not to be able to 
penetrate the membrane and hence no screening 
can occur. Changes are merely observed at low 
ionic strengths because of the coupling of the 
boundary and intramembrane potentials to the 
total membrane potential. 

Table 1 

Effect of the ionic strength, I, on the infinite time values of the potentials U,,,, U,, U” and .!I’ and on the equilibrium Nernst 
potential, U,“. The values of all the parameters used, except for the ionic strength, are as given in Fig. 3 

I rr,” T cl!! u,l 
(mM1 (mV) 2”) (mV) CmV) (mV) 

150x 10-6 -4.70 - 4.70 - 2.96 - 29.6 27.9 
150x 10-S -0.613 - 0.613 - 1.50 -29.1 30.0 
1.50x 10-4 - 0.0636 - 0.0635 - 1.30 - 29.0 30.2 

150x 10-3 -6.71 x 10-3 -6.39x lo-’ - 1.28 - 29.0 30.3 
150x 10-I -7.38x10-4 -6.48x lo-” - 1.28 - 29.0 30.3 

150x 10-I -2.03 x 1O-4 -6.65x lo-’ - 1.28 - 29.0 30.3 
150 - 1.44 x 10-4 -6.82X 10-6 - 1.28 - 29.0 30.3 
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Now let us consider the time course of the 
boundary potentials, U” and U’ (see Fig. 3). The 
external boundary potential, U”, shows a rapid 
decrease from zero volts to its equilibrium value 
of -29.0 mV in a single kinetic phase. This is 
due to the rapid binding of hydrophobic ions to 
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Fig. 2. Computer simulations of the variation with time of the 
total membrane potential, U,, at ionic strengths of (a) 150X 
lo-” mA4, (b) 150~ 10e4 mM, and (c) 150X lo-’ mM. The 
values of all the parameters used, except for the ionic strength, 

are as given in Fig. 3. 

the external vesicle monolayer. The internal 
boundary potential, U’, on the other hand shows 
an initial rapid increase which is followed by a 
slower increase. The reason for the two phases is 
again the coupling of the boundary and in- 
tramembrane potentials to the total membrane 
potential. For example, at high ionic strengths 
such that the total membrane potential is zero, a 
sudden change in U” must be accompanied by an 
equal and opposite change in the sum of Ui and 
0’. The initial rapid rate of change of U”, U’ 
and Ui under these conditions can easily be de- 
rived by setting dU,,,/dt and dri/dt equal to zero 
in eqs. (24)-(26). Thus, 

ZCY( 1 - 2a)e, dr, 

l=o= - C,A, (-i dt t=,, 
(54) 

As discussed in the theory section, if binding 
of the ion to the vesicle is diffusion controlled, 
the boundary potential dependence of the rates 
of the binding and dissociation steps can be ex- 
plained by the variation of the dissociation rate 
constants, k!! and k’_. For the calculation we 
have assumed that in the absence of boundary 
potentials both rate constants equal 4.9 s-l. Us- 
ing the infinite time values of U” and I/’ given in 
Table 1 we can now calculate from eqs. (13) and 
(14) the final values of both rate constants. Thus, 
in the limit of high ionic strength it is found that 
kll increases to a value of 15.3 s- ’ and k i to 
17.7 s-r. These values indicate that as time goes 
on and the boundary potentials build up, binding 
of ions to the external monolayer is hindered and 
dissociation of ions from the internal monolayer 
is facilited. 

Experimentally it has been found that the time. 
scale of the binding step is sometimes much faster 
than the translocation step [20,23,241. Under such 
conditions the binding step can be considered 
independently, since it is always in equilibrium 
on the time scale of translocation. If one further 
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considers the situation of a large excess of vesicle 
binding sites over hydrophobic ions, it has been 
shown previously [24] that the reciprocal relax- 
ation time is given by 

1 
- = n,kyc,* + k! 
7 (55) 

Since the effect of the boundary potential is to 
increase the value of k!! this would mean that 
the relaxation would become non-exponential. As 
time goes on the relaxation rate would increase. 
Whether or not non-exponential kinetics are ac- 
tually observed, however, depends on the relative 
magnitudes of n,k:cT and kII. 

0. 

U” 

-.Ol 

4. Discussion 

A theoretical description of the diffusion of 
hydrophobic ions across lipid vesicle membranes 
has been presented in which the electrical poten- 
tial dependence of the rates of each step of the 
diffusion process are taken into account. The 
theory is based on a combination of the activated 
rate theory of Eyring, the three-capacitor model 
of the lipid membrane and an extension of the 
Debye-Hiickel theory. 

Finally, let us consider the limitations of the 
theory. First of all it has been found by compar- 
ing the calculated equilibrium Nernst potential 

0 2 4 6 2 10 12 14 10 12 
t&f 

Fig. 3. Computer simulations of the variation with time of the external boundary potential, U”, (volts), and of the internal boundary 
potential, U’, (volts). Values of the parameters used are: c,* = 7.5X lo-’ M, CT -1.4~10-‘~ M, k;=k;=1.6x107 M-’ s-l, 
ki = 4.9 s-l, k, = 0.1 s-‘, rzO = 3.86~ lo3 external sites per vesicle, rzi = 3.44X lo3 internal sites per vesicle, v X L = 8.27X lo4 
dm3 mol-‘, C, = 1 x 10m2 F mV2, A, = 1.63 X lo-l4 m2, Ai = 1.29x lo-l4 m*, n = 0.2, z = - 1, T = 295 K, a = 0.6~ 10m9 m, 

m=landI=150mM. 
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with the infinite time membrane potential that 
the complete theory in only strictly applicabIe at 
relatively low ionic strengths. However, it has also 
been found that at high ionic strengths negligible 
total membrane potentials are produced. There- 
fore, under these conditions a significantly simpli- 
fied form of the theory can be apphed, in which 
U,,, is held constant and dU,/dt equals zero. The 
equations (34), (47), (50) and (51) are then no 
longer necessary. 

The calculation of the intramembrane poten- 
tial and the boundary potentials is based on the 
three-capacitor mode1 of the membrane. As stated 
in the theory section, this model assumes homo- 
geneous electric fields in each membrane region 
and therefore neglects membrane curvature. 
Whether or not this is a valid approximation 
depends on the size of the vesicles being used. 
Let us consider a unilamellar vesicle of internal 
radius Ri and external radius R, with an electric 
field extending radially outward from the internal 
surface. Since the number of field !ines leaving 
the internal interface must equal the number 
arriving at the external interface, the difference 
in electric field strength at the two surfaces just 
depends on the difference in reciprocal internal 
and external surface areas. Accordingly, it can be 
shown that the relative field inhomogeneity is 
given by 

AE Rf 

i I -- 
F= R; 

1 

where Ei is the field strength at the internal 
interface and AE is the change in field strength 
on crossing the membrane from the internal to 
the external interface_ In Table 2 the percentage 
field inhomogeneities are listed for vesicles of 
varying radii. A constant membrane thickness of 
4 nm has been assumed. Since in the three-capa- 
citor mode1 the membrane is divided into three 
separate regions, the inhomogeneity in each re- 
gion could be significantly less than the values 
listed in Table 2. Nevertheless, the values repre- 
sent upper limits, which enable one to assess 
whether or not the membrane curvature can be 
neglected Small unilamellar vessicles prepared by 
the sonication method, for example, have typical 

Table 2 

Effect of the vesicle radius on the percentage field inhomo- 
geneity, (A E/E,)x 100 

Ro 
bd 

AE 
TX100 

1 

10 14 - 49.0 
20 24 - 30.6 
30 34 -22.1 
40 44 - 17.4 
50 54 - 14.3 
70 74 - 10.5 

100 104 - 7.5 
200 204 - 3.9 

external radii in the order of 10 nm [64]. In this 
case the three-capacitor model as presented here 
is probably not a very good approximation, since 
percentage field inhomogeneities of up to fifty 
percent could be expected. In the case of large 
unilamellar vesicles such as those prepared by 
detergent dialysis, extrusion or other methods, 
however, typical radii are L 30 nm [64], so that 
here the model could be applied without signifi- 
cant error. 

Acknowledgements 

The author would like to thank Mr. Peter 
Cassidy, Herrn Dieter Bauer and Dr. Hans-Jiirgen 
Ape11 for valuable discussions. Financial support 
from the Stiftung Stipendien-Fonds des Verban- 
des der Chemischen Industrie is gratefully ac- 
knowledged. 

References 

O.H. Le Blanc Jr., Biochim, Biophys. Acta 193 (1969) 350. 
B. Ketterer, B. Neumcke and P. LLuger, J. Memhr. Biol. 5 
(1971) 225. 
D.A. Haydon and S.B. Hladky, Q. Rev. Biophys. 5 (1972) 
187. 
J.E. Hall, C.A. Mead and G. Szabo, J. Membr. Biol. 11 
(1973) 75. 
OS. Andersen and M. Fuchs, Biophys. J. 15 (1975) 795. 
R. Benz, P. L;iuger and K. Janko, Biochim, Biophys. Acta 
455 (1976) 701. 



R.I. Clarke / Biophys. Chem. 46 (1993) 131-143 143 

7 G. Szabo, Ann. N. Y. Acad. Sci. 303 (1977) 266. 
8 P. Liugrr, R. Benz, G. Stark, E. Bamberg, P.C. Jordan, A. 

Fahr and W. Brock, 0. Rev. Biophys. 14 (1981) 513. 
9 G. Stark, in: Biomemhranes, dynamics and biology, eds. 

R.M. Burton and F.C. Guerra (NATO Advanced Study 
Institute Series A, Vol. 76, Plenum Press, New York, 
1984), p. 193. 

10 B.L. Silver, The physical chemistry of membranes (Allen 
and Unwin, Boston, MA, 1985) p. 292. 

11 B.J. Zwolinski, H. Eyring and C.E. Reese, J. Phys. Chem. 
53 (1949) 1426. 

12 R.B. Parlin and H. Eyring, in: Ion transport across mem- 
branes, ed. H.T. Clarke (Academic Press, New York, 1954) 
p. 103. 

13 F.H. Johnson, H. Eyring and M.I. Polissar, in: The kinetic 
basis of molecular biology (Wiley, New York, 1954) p. 754. 

14 P. LIuger, Biochim. Biophys. Acta 311 (1973) 423. 
15 P. LLuger, J. Membr. Biol. 57 (1980) 163. 
16 S. Ciani, Biophysik 2 (1965) 368. 
17 P.C. Jordan and G. Stark, Biophys, Chem. 10 (1979) 273. 
18 W. Brock, G. Stark and PC. Jordan, Biophys. Chem. 13 

(1981) 329. 
19 D. H. Haynes and P. Simkowitz, J. Membr. Biol. 33 (1977) 

63. 
20 CL. Bashford, B. Chance, J.C. Smith and T. Yoshida, 

Biophys. J. 25 (1979) 63. 
21 J.C. Smith and B. Chance, J. Memhr. Biol. 46 (1979) 255. 
22 G. Cabrini and AS. Verkman, I. Membr. Biol. 90 (1986) 

163. 
23 R.J. Clarke and H.-J. Apell, Biophys. Chem. 34 (1989) 225. 
24 R.J. Clarke, Biophys. Chem. 39 (1991) 91. 
25 B.L. Silver, The physical chemistry of membranes (Allen 

and_Unwin, Boston, MA, 1985) p. 311. 
26 W.D. Stein, Transport and diffusion across cell mem- 

branes (Academic Press, San Diego, CA, 1986) p. 46. 
27 S. McLaughlin and H. Harary, Biochem. IS (1976) 1941. 
28 R.F. Flewelling and W.L. Hubbell, Biophys. J. 49 (1986) 

531. 
29 J.R. Brocklehurst, R.B. Freedman, D.J. Hancock and G.K. 

Radda, Biochem. I. 116 (1970) 721. 
30 J.S. Lolkema, K.J. Hellingwerf and W.N. Konings, Biochim. 

Biophys. Acta 681 (1982) 85. 
31 H. Rottenberg, J. Membr. Biol. 81 (1984) 127. 
32 M. Demura, N. Kamo and Y. Kobatake, Biochim. Biophys. 

Acta 812 (198S) 377. 
33 N. Kamo, M. Demura and Y. Kobatake, .I. Membr. Sci. 27 

(1986) 233. 
34 M. Demura, N. Kamo and Y. Kobatake, Biochim. Biophys. 

Acta 894 (1987) 355. 
35 M. Demura, N. Kamo and Y. Kobatake, Biochim. Biophys. 

Acta 903 (1987) 303. 
36 B.P. Bammel, J.A. Brand, R.B. Simmons, D. Evans and 

J.C. Smith, B&him. Biophys. Acta 896 (1987) 136. 

37 P.R. Pratap, T.S. Novak and J.C. Freedman, Biophys. J. 57 
(1990) 835. 

38 J.R. Bunting, T.V. Phan, E. Kamali and R.M. Dowben, 
Biophys. J. 56 (1989) 979. 

39 N. Kamo, M. Demura and Y. Kobatake, Bioelectrochem. 
Bioenerg. 21 (1989) 33. 

40 H.-D. Bsuerle and J. Seelig, Biochem. 30 (1991) 7203. 
41 R.J. Clarke, Biophys. Chem. 42 (1992) 63. 
42 P. Woolley and H. Diebler, Biophys. Chem. IO (1979) 305. 
43 G. Schwarz, Biophys, Chem. 26 (1987) 163. 
44 G. Schwarz, H. Gerke, V. Rizzo and S. Stankowski, Bio- 

phys. J. 52 (1987) 685. 
45 H. Ruf and E. Grell, in: Membrane spectroscopy, ed. E. 

Grell (Springer Verlag, Heidelberg, 1981) p. 333. 
46 H. Ruf, Biophys. Chem. 26 (1987) 313. 
47 G. Dodin and I. DuPont, J. Phys. Chem. 91 (1987) 6322. 
48 J. Aubard, P. Lejoyeun, M.A. Schwaller and G. Dodin, J. 

Phys. Chem. 94 (1990) 1706. 
49 D.H. Haynes and H. Staerk, J. Membr. Biol. 17 (1974) 313. 
50 R.J. Clarke and H.-J. Apell, in: The structure, dynamics 

and equilibrium properties of colloidal systems, NATO 
Advanced Study Institute Series C, Vol. 324, eds. D.M. 
Bloor and E. Wyn-Jones (Khrwer Academic, Dordrecht, 
1990) p. 471. 

51 S. McLaughlin, in: Electrical phenomena at the biological 
membrane level, ed. E. Roux (Elsevier, Amsterdam, 1977) 
p. 163. 

52 S. McLaughlin, Curr. Top. Memhr. Transp. 9 (1977) 71. 
53 R. Aveyard and D.A. Haydon, An introduction to the 

principles of surface chemistry (Cambridge University 
Press, Cambridge, 1973) p. 40. 

54 B.H, Honig, W.L. Hubbell and RF. Flewelling, Annu. 
Rev. Biophys. Biophys. Chem. 15 (1986) 163. 

55 VS. Markin, P.A. Grigorev and L.N. Yermishkin, Biofizika 
16 (1971) 1011. 

56 OS Andersen, S. Feldberg, H. Nakadomari, S. Levy and 
S. McLaughlin, Biophys. J. 21 (1978) 35. 

57 H.-J. Ape11 and B. Bersch, Biochim. Biophys. Acta 903 
(1987) 480. 

58 M.H. Nayfeh and M.K. Brussel, Electricity and magnetism 
(Wiley, New Yurk, 1985) pp. 136, 144. 

59 S. Ciani, R. Laprade, G. Eisenman and G. Szabo, J. 
Membr. Biol 1 I (1973) 2.55. 

60 W.J. Moore, Physical Chemistry, 5th edn. (Longman, Har- 
low, U.K., 1972) p. 449. 

61 C. Tanford, Physical chemistry of macromolecules (Wiley, 
New York, 1961) p. 461. 

62 J.O’M. Bockris and A.K.N. Reddy, Modern electrochem- 
istry, (Plenum, New York, 1973) vol. 1, p. 180. 

63 G. Hall and J.M. Watt. Modern numerical methods for 
ordinary differential equations (Clarendon, Oxford, 1976). 

64 R.B. Gennis, Biomembranes (Springer Verlag, New York, 
1989) p, 80. 


